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Consider pendulum is formed of an inextensible and mass less

string of length 𝒍 = 𝟎. 𝟒𝟓𝒎 having one of its ends fixed while

the other end carries a particle (P) of mass 100g. 𝐠 = 𝟏𝟎𝐦 ∕ 𝒔𝟐.

Quiz 1:                                  Energy                               20 min

The pendulum is shifted from its

equilibrium position by 𝜽𝒎 = 𝟗𝟎° ,

then released without initial velocity.

𝐁

𝐀

𝜶

(𝐏𝟏) 𝐏

𝐎

𝐅

𝐃

𝛉

Take the horizontal plane containing

FA as a gravitational potential energy

reference for the system [(S), Earth].

We neglect friction on the axis through O and air resistance.



1.Calculate the initial mechanical energy of the system

[(S),Earth] when (P) was at D.

Quiz 1:                                  Energy                               20 min

2. Determine the expression of the mechanical energy of the system

[(S),Earth] in terms of 𝒍,𝒎,𝒈, 𝑽 𝒂𝒏𝒅 𝜽, where v is the speed of (P)

when the string passes through a position making an angle 𝛉 with

the vertical.

3.Determine the value of 𝜽, (𝟎 < 𝜽 < 𝟗𝟎°), for which the kinetic

energy of (P) is equal to the gravitational potential energy of the

system [(S),Earth].

4.Calculate the magnitude of the velocity 𝐕𝟎 of (P) as it passes

through its equilibrium position.



1.Calculate the initial mechanical energy of the system

[(S),Earth] when (P) was at D.

𝑴𝑬𝑫 = 𝑲𝑬𝑫 + 𝑷𝑬𝑫

𝑴𝑬𝑫 = 𝟏/𝟐 (𝟎. 𝟏) 𝟎 𝟐 + 𝟎. 𝟏 × 𝟏𝟎 × 𝒍(𝟏 − 𝒄𝒐𝒔𝜽)

𝑴𝑬𝑫 = 𝟎 + 𝟎. 𝟏 × 𝟏𝟎 × 𝟎. 𝟒𝟓 𝟏 − 𝒄𝒐𝒔𝟗𝟎°

𝐌𝐄𝐃 = 𝟎. 𝟒𝟓𝐉

𝒍 = 𝟎. 𝟒𝟓𝒎 ; 𝒎 = 𝟎. 𝟏𝐤𝐠; 𝐠 = Τ𝟏𝟎𝒎 𝒔𝟐; 𝜽𝒎 = 𝟗𝟎°, 𝑽𝑫 = 𝟎𝒎/𝒔; 𝒇 = 𝟎𝑵

𝐁

𝐀

𝜶

(𝐏𝟏) 𝐏

𝐎

𝐅

𝐃

𝛉

𝑴𝑬𝑫 = 𝟏/𝟐𝒎𝑽𝑫
𝟐 +𝒎𝒈𝒉𝑫



2.Determine the expression of the ME of the system [(S),Earth]

in terms of 𝒍,𝒎, 𝒈, 𝑽 𝒂𝒏𝒅 𝜽, where v is the speed of (P) when

the string making an angle 𝛉 with the vertical.

𝑴𝑬 = 𝑲𝑬 + 𝑷𝑬

𝑴𝑬 =
𝟏

𝟐
𝒎𝑽𝟐 +𝒎𝒈𝒉

𝑴𝑬 =
𝟏

𝟐
𝒎𝑽𝟐 +𝒎𝒈𝒍(𝟏 − 𝒄𝒐𝒔𝜽)
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𝐀

𝜶

(𝐏𝟏) 𝐏

𝐎

𝐅

𝐃

𝛉

𝒍 = 𝟎. 𝟒𝟓𝒎 ; 𝒎 = 𝟎. 𝟏𝐤𝐠; 𝐠 = Τ𝟏𝟎𝒎 𝒔𝟐; 𝜽𝒎 = 𝟗𝟎°, 𝑽𝑫 = 𝟎𝒎/𝒔; 𝒇 = 𝟎𝑵



3.Determine the value of 𝜽 , (𝟎 < 𝜽 < 𝟗𝟎° ), for which the

kinetic energy of (P) is equal to the gravitational potential

energy of the system [(S),Earth].

The ME is conserved, because

friction is neglected; then:

𝟐𝐏𝐄 = 𝟎. 𝟒𝟓𝐉

𝟐𝐦𝐠𝒍(𝟏 − 𝐜𝐨𝐬𝜽) = 𝟎. 𝟒𝟓𝐉

𝟐 × 𝟎. 𝟏 × 𝟏𝟎 × 𝟎. 𝟒𝟓(𝟏 − 𝐜𝐨𝐬𝜽) = 𝟎. 𝟒𝟓𝑱

𝒄𝒐𝒔𝜽 = 𝟎. 𝟓 𝜽 = 𝟔𝟎°

𝑴𝑬 = 𝑴𝑬𝑫

But given 𝐊𝐄 = 𝐏𝐄 then:

𝐊𝐄 + 𝐏𝐄 = 𝟎. 𝟒𝟓𝐉

𝒍 = 𝟎. 𝟒𝟓𝒎 ; 𝒎 = 𝟎. 𝟏𝐤𝐠; 𝐠 = Τ𝟏𝟎𝒎 𝒔𝟐; 𝜽𝒎 = 𝟗𝟎°, 𝑽𝑫 = 𝟎𝒎/𝒔; 𝒇 = 𝟎𝑵

𝐏𝐄 + 𝐏𝐄 = 𝟎. 𝟒𝟓𝐉

𝟎. 𝟗(𝟏 − 𝐜𝐨𝐬𝜽) = 𝟎. 𝟒𝟓𝑱

𝟏 − 𝐜𝐨𝐬𝜽 =
𝟎. 𝟒𝟓

𝟎. 𝟗

𝟏 − 𝐜𝐨𝐬𝜽 = 𝟎. 𝟓



4.Calculate the magnitude of the velocity 𝐕𝟎 of (P) as it passes

through its equilibrium position

𝑴𝑬𝑶 = 𝑲𝑬𝑶 + 𝑮𝑷𝑬𝑶

𝟎. 𝟒𝟓𝐉 =
𝟏

𝟐
𝒎𝑽𝟎

𝟐 +𝒎𝒈𝒉𝟎

𝟎. 𝟒𝟓𝐉 = 𝟎. 𝟓 × 𝟎. 𝟏𝑽𝟎
𝟐 + 𝟎. 𝟏 × 𝟏𝟎(𝟎)

𝟎. 𝟒𝟓𝐉 = 𝟎. 𝟎𝟓𝑽𝟎
𝟐

𝑽𝟎
𝟐 =

𝟎. 𝟒𝟓

𝟎. 𝟎𝟓

𝑽𝟎
𝟐 = 𝟗

𝑽𝟎 = 𝟑𝒎/𝒔

𝒍 = 𝟎. 𝟒𝟓𝒎 ; 𝒎 = 𝟎. 𝟏𝐤𝐠; 𝐠 = Τ𝟏𝟎𝒎 𝒔𝟐; 𝜽𝒎 = 𝟗𝟎°, 𝑽𝑫 = 𝟎𝒎/𝒔; 𝒇 = 𝟎𝑵

𝑽𝟎 = 𝟗



Quiz                                       Energy                                 20 min

When (P) passes through the equilibrium position, the string

is cut, and (P) enters in a collision with a stationary particle

(𝑷𝟏) of mass 𝒎𝟏 = 𝟐𝟎𝟎𝒈.
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As a result of collision (𝑷𝟏) moves

along the frictionless horizontal track

FA and reaches A with the speed 𝑽𝟏
= 𝟐𝒎/𝒔.

(𝑷𝟏) continues along the line of greatest slope of the inclined plane AB

that makes an angle 𝜶 = 𝟑𝟎°with the horizontal.



Quiz                                       Energy                                 20 min

𝐁

𝐀

𝜶

(𝐏𝟏) 𝐏

𝐎

𝐅

𝐃

𝛉

a. Determine the altitude of the point M between A and B at

which (P1) turns back.

Calculate the magnitude of the force

of friction (assumed constant) along

AN.

b. In fact, AB is not frictionless,

(𝑷𝟏) reaches a point N and turns

back, where AN = 20 cm.



a)Determine the altitude of the point M between A and B at

which (𝐏𝟏) turns back.

At point M the particle (𝐏𝟏) returns then: 𝑽𝑴 = 𝟎

𝟎. 𝟓 × 𝟎. 𝟐 × (𝟐)𝟐+𝟎 = 𝟎 + 𝟎. 𝟐 × 𝟏𝟎 × 𝒉𝑴

𝒎𝟏 = 𝟎. 𝟐𝐤𝐠; 𝐠 = Τ𝟏𝟎𝒎 𝒔𝟐; 𝒇 = 𝟎𝑵; 𝑽𝟏 = 𝟐𝒎/𝒔; 𝜶 = 𝟑𝟎°

𝐁

𝐀

𝜶

(𝐏𝟏) 𝐏

𝐎

𝐅
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𝛉

𝟏/𝟐𝒎𝟏𝑽𝑨
𝟐 +𝒎𝟏𝒈𝒉𝑨 = 𝟏/𝟐𝑽𝑴

𝟐 +𝒎𝟏𝒈𝒉𝑴

𝑴𝑬𝑨 = 𝑴𝑬𝑴

𝑲𝑬𝑨 + 𝑷𝑬𝑨 = 𝑲𝑬𝑴 + 𝑷𝑬𝑴

𝟎. 𝟒 = 𝟐 × 𝒉𝑴

𝒉𝑴 = 𝟎. 𝟐𝒎



b) In fact, AB is not frictionless, (𝑷𝟏) reaches a point N and

turns back, where 𝑨𝑵 = 𝟐𝟎𝒄𝒎. Calculate the magnitude of

the force of friction (assumed constant) along AN.

𝐁

𝐀

𝜶

(𝐏𝟏) 𝐏

𝐎

𝐅

𝐃

𝛉
𝑴𝑬𝑵 = 𝟏/𝟐𝒎𝟏𝑽𝑵

𝟐 +𝒎𝟏𝒈𝒉𝑵

𝒔𝒊𝒏𝜶 =
𝒐𝒑𝒑

𝒉𝒚𝒑
=
𝒉𝑵
𝑨𝑵

𝐌𝐄𝐍 = 𝟎. 𝟐 × 𝟏𝟎 × 𝟎. 𝟐𝐬𝐢𝐧𝟑𝟎

𝑴𝑬𝑵 = 𝑲𝑬𝑵 + 𝑷𝑬𝑵

𝒎𝟏 = 𝟎. 𝟐𝐤𝐠; 𝐠 = Τ𝟏𝟎𝒎 𝒔𝟐; 𝒇 = 𝟎𝑵; 𝑽𝟏 = 𝟐𝒎/𝒔; 𝜶 = 𝟑𝟎°

𝑴𝑬𝑵 = 𝟎 +𝒎𝒈𝑨𝑵𝒔𝒊𝒏𝜶

𝒉𝑵 = 𝑨𝑵𝒔𝒊𝒏𝜶

𝐌𝐄𝐍 = 𝟎. 𝟐𝐉



∆𝑴𝑬𝑨→𝑵 = 𝑾
𝒇𝒓

𝟎. 𝟐𝑱 − 𝟎. 𝟒𝑱 = −𝒇 × 𝟎. 𝟐

−𝟎. 𝟐𝑱 = −𝒇𝒓 × 𝟎. 𝟐

𝒇𝒓 = 𝟏𝑵

𝑴𝑬𝑵 −𝑴𝑬𝐀 = 𝒇 × 𝒅 × 𝒄𝒐𝒔(𝜶)

𝑴𝑬𝑵 −𝑴𝑬𝐀 = 𝒇 × 𝑨𝑵 × 𝒄𝒐𝒔(𝟏𝟖𝟎)

𝑴𝑬𝑵 −𝑴𝑬𝐀 = −𝒇 × 𝑨𝑵

𝒇𝒓 =
𝟎. 𝟐

𝟎. 𝟐







The position of (S), at the instant t, is given by x.

Quiz 2                                     Energy                                   20 min

A particle (S), of mass 𝒎 = 𝟓𝟎𝟎𝒈 is launched from the bottom

O of the inclined plane that makes an angle 𝜶 = 𝟑𝟎°, at the

instant 𝐭𝟎 = 𝟎, with a velocity 𝐕𝟎 = 𝐕𝟎Ԧ𝒊 along the line of the

greatest slope (OB).

(𝑺)

𝐎

𝒙

𝐇

𝜶

Ԧ𝒊 𝐀

𝑩
Let A be a point between O and B such that 𝐎𝐀 = 𝟓𝒎

The horizontal plane passing through OH is a gravitational potential

energy reference. Take: 𝐠 = 𝟏𝟎𝒎 ∕ 𝒔𝟐.



The variation of the mechanical energy of the system [(S),

Earth], as a function of x, is represented by the graph of (fig.2).

Quiz 2                                     Energy                                 20 min

1. Determine using the graph the mechanical

energy at point O then at point A.

2. Deduce the speed 𝐕𝟎 at O and the speed V

at point A.

3. Show that (S) is subjected to a force of

friction between the points O and A.



Quiz 2                                       Energy                                       20 min

4. Calculate the variation of the mechanical energy of the

system [(S), Earth] between O and A.

5. Deduce the magnitude of the force of

friction, supposed constant, between O

and A.

6. Determine, for 𝟎 ≤ 𝒙 ≤ 𝟓, the expression

of the mechanical energy of the system

[(S),Earth] as a function of x.

7. Determine the expression of mechanical energy between O and A using

law of mechanical energy. Determine the speed of (S) at the point of

abscissa 𝒙 = 𝟔𝒎.



From the graph of figure 2:

𝒎 = 𝟎. 𝟓𝐤𝐠; 𝜶 = 𝟑𝟎°; 𝐎𝐀 = 𝟓𝒎; 𝒈 = 𝟏𝟎𝑵/𝑲𝒈

1.Determine using the graph the mechanical energy at point

O and A.

• 𝑴𝑬𝑶 = 𝟐𝟓𝑱

• 𝐌𝐄𝐀 = 𝟏𝟓𝐉



𝑴𝑬𝑶 = 𝑲𝑬𝑶 + 𝑷𝑬𝑶

𝒎 = 𝟎. 𝟓𝐤𝐠; 𝜶 = 𝟑𝟎°; 𝐎𝐀 = 𝟓𝒎; 𝒈 = 𝟏𝟎𝑵/𝑲𝒈

2. Deduce the speed 𝐕𝟎 at O and the speed V at point A.

𝑴𝑬𝑶 =
𝟏

𝟐
𝒎𝑽𝟎

𝟐 +𝒎𝒈𝒉

𝟐𝟓𝑱 =
𝟏

𝟐
× 𝟎. 𝟓 × 𝑽𝟎

𝟐 + 𝟎. 𝟓 × 𝟏𝟎(𝟎)

𝟐𝟓𝑱 = 𝟎. 𝟐𝟓 × 𝑽𝟎
𝟐

𝑽𝟎 = 𝟏𝟎𝒎 ∕ 𝒔

(𝑺)

𝐎

𝒙

𝐇

𝜶

Ԧ𝒊 𝐀

𝑩

𝑽𝟎
𝟐 =

𝟐𝟓

𝟎. 𝟐𝟓
𝑽𝟎
𝟐 = 𝟏𝟎𝟎

𝑽𝟎 = 𝟏𝟎𝟎



𝑴𝑬𝑨 = 𝑲𝑬𝑨 + 𝑷𝑬𝑨

𝒎 = 𝟎. 𝟓𝐤𝐠; 𝜶 = 𝟑𝟎°; 𝐎𝐀 = 𝟓𝒎; 𝒈 = 𝟏𝟎𝑵/𝑲𝒈

𝒔𝒊𝒏𝜶 =
𝒐𝒑𝒑

𝒉𝒚𝒑
=

𝒉

𝑶𝑨

𝟏𝟓𝐉 = 𝟏/𝟐 × 𝟎. 𝟓 × 𝑽𝟐 + 𝟎. 𝟓 × 𝟏𝟎 × 𝟓 × 𝒔𝒊𝒏𝟑𝟎

𝑴𝑬𝑨 = 𝟏/𝟐𝒎𝑽𝑨
𝟐 +𝒎𝒈𝒉𝑨

(𝑺)

𝐎

𝒙

𝐇

𝜶

Ԧ𝒊 𝐀

𝑩

𝟏𝟓𝐉 = 𝟏/𝟐𝒎𝑽𝑨
𝟐 +𝒎𝒈𝑶𝑨𝒔𝒊𝒏𝜶

𝟐𝟓𝑱 = 𝟎. 𝟐𝟓𝑽𝑨
𝟐 + 𝟏𝟐. 𝟓

𝒉 = 𝑶𝑨𝒔𝒊𝒏𝜶

𝑽𝑨 = 𝑽 = 𝟕. 𝟏𝒎 ∕ 𝒔

𝟏𝟐. 𝟓 = 𝟎. 𝟐𝟓𝑽𝑨
𝟐

𝑽𝑨
𝟐 = 𝟓𝟎



𝒎 = 𝟎. 𝟓𝐤𝐠; 𝜶 = 𝟑𝟎°; 𝐎𝐀 = 𝟓𝒎; 𝒈 = 𝟏𝟎𝑵/𝑲𝒈

3.Show that (S) is subjected to a force of friction between the

points 𝒙𝟎 = 𝟎 and 𝒙𝑨 = 𝟓𝒎.

𝑴𝑬𝑶 = 𝟐𝟓𝑱 > 𝑴𝑬𝑨 = 𝟏𝟓𝑱

Then the solid (S) is subjected to a force of

frictional.

4. Calculate the variation of the mechanical

energy of the system [(S), Earth] between

O and A.

∆𝑴𝑬𝑶→𝑨 = 𝑴𝑬𝑨 −𝑴𝑬𝑶 ∆𝐌𝐄𝐎→𝐀 = 𝟏𝟓𝐉 − 𝟐𝟓𝐉

∆𝐌𝐄𝐎→𝐀 = −𝟏𝟎𝐉



𝒎 = 𝟎. 𝟓𝐤𝐠; 𝜶 = 𝟑𝟎°; 𝐎𝐀 = 𝟓𝒎; 𝒈 = 𝟏𝟎𝑵/𝑲𝒈

5.Deduce the magnitude of the force of friction, supposed

constant, between O and A.

𝒇 =
𝟏𝟎

𝟓
𝒇𝒓 = 𝟐𝑵

∆𝑴𝑬𝑶→𝑨 = 𝑾
𝒇

∆𝑴𝑬𝑶→𝑨 = 𝒇 × 𝒅 × 𝒄𝒐𝒔(𝜶)

∆𝑴𝑬𝑶→𝑨 = 𝒇 × 𝑶𝑨 × 𝒄𝒐𝒔(𝟏𝟖𝟎)

−𝟏𝟎 = −𝒇 × 𝟓
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